In some countries every citizen has the right to obtain a designated general practitioner.
Patient allocations according to circumstances and preferences:
A model based on the Norwegian patient list system.
In some countries, like Norway, every citizen has the right to obtain a designated general practitioner. However, each individual may have preferences that cannot be fulfilled due to shortages of some kind. One example is the preference for having a general practitioner of the same sex, of the opposite sex, or be indifferent. Available data indicate that female patients have a stronger preference for doctor of the same sex than male patients. When female doctors are less frequent than male doctors, everybody cannot get a doctor according to their preference, unless there are unacceptable loads and unacceptable vacancies. To what extent can we expect that such preferences are fulfilled when the patients "compete" for entry on the lists? What changes in the distribution can we expect under changing conditions? In particular, in the case of many women with strong preference for a female doctor, how will the fraction of female patients assigned to female doctors expect to change when the fraction of available female doctors increases?
We have no ambitions to provide a dynamic analysis, describing changes at the micro level, i.e. how a patient having a doctor of the "wrong sex" initiates the search and may find a doctor of the "correct sex". A change will typically take place only at a vacancy at a doctor in the neighbourhood, and this varies not only between urban and rural areas, but also within certain regions. Initial assignment and decrement also complicates the matter, and it is probably futile to model a dynamic allocation process. A number of assumptions have to be made, that may be disputed and hard to verify empirically. Do we have alternatives that can provide insight?
On the macro level it is well known that behaviour in many populations, among plants, animals and humans have cost minimizing traits. For humans this was formulated by Zipf (1949) . For localization problems we find the so called gravity model in the urban geography literature. This model is quite robust under varied circumstances, and has found applications in many fields, among them studies on travelling patterns and distribution of commodities in a network, and in tomography as well. Smith (1978) gave a formal statement of the Zipf principle, saying that patterns with lower total costs are at least as likely as those with higher costs. On this basis Erlander & Smith (1990) developed a general theory of efficient population behaviour, leading to a representation theorem for the feasible patterns. Among several special cases of this theory are situations leading to the gravity model. More recent contributions to this theory are given by Jørnsten et.al (2004) .
The problem of distribution of patients among doctors may be formulated within the gravity model. The model has its limitations, and is not flexible enough to pick up interesting problems on the micro level. However, recent work by Jørnsten & Ubøe (2005) has provided opportunities for including more characteristics and restrictions of different nature. This is required if we think of using such models for planning purposes at the micro level.
New contribution
This paper contains new material to the medical and health profession on patient allocation according to circumstances and preferences, both with respect to modelling opportunities and qualitative results. The paper is in two parts, the first is on macro modelling based on the gravity model, well known in some areas outside medicine, and the second is on micro modelling based on new theory reported in Ubøe & Lillestøl (2006) . Although the problem came out of the Norwegian patient list system, the modelling approach and qualitative results have general applicability. We also hope that this paper may create some discussion on which restrictions exist in practice, as input for further development of the ideas.
Macro analysis: The gravity model
What is the gravity model? Consider for example the travelling between residence and work, constituting the nodes in a network, where the distances between the nodes are given. The distances will influence the preferences for the locations, and therefore the travelling patterns between the nodes. Formalizing this we have a set I of "departure nodes" and a set J of "arrival nodes" and a distance function d(i,j) defined for all pairs (i,j) in I x J. The gravity model then writes the probability of "travelling" from i to j as ( , ) ( , )
where c is a coefficient expressing the sensitivity to distance. Sufficient assumptions on the marginals of P(i,j) leads to a unique solution of the gravity equation in terms of the coefficients a i and b j . These coefficients may be calculated by an easily programmed and fast converging iterative process. In practice the restrictions may be derived from observed travelling patterns. It is said that this model is implicit in software used by most public transportation departments Early on this was just an attractive model to represent data, but later it turned out that assumptions on "efficient population behaviour" lead to the conclusion that the travelling probabilities could be expressed this way. The expression can be obtained under different assumptions, in an equilibrium sense, both with utility analysis and maximum entropy considerations. In the general theory it is more convenient to talk in terms of costs rather than distance, and the theory allows different types of costs (in the wide sense), e.g. direct travelling cost and travelling time. The only difference is that this requires two constant terms in the exponent, each having a c-coefficient that can be estimated from data.
The analogy to the above for allocating doctors to patients, is that we have four types of patients, males and females preferring doctor of the same sex or not, i.e. four "departure nodes", while we have two "arrival nodes" male and female doctors. Formally we can write I = {ff, fm, mf, mm}, where the first letter is the gender of the patient and the second letter is the preference for gender of assigned doctor. Furthermore J = {F, M} with letters representing the gender of the assigned doctor. The analogy to distance is the felt nuisance of being assigned contrary to preference. As distance function one may simply use d(i,j) = 0 or 1 according to whether the second letter in the "departure node" corresponds to or deviates from "the arrival node" j, for example d(mf,F) = 0 while d(mk,M) = 1. We have then implicitly assumed that the nuisance of having a doctor of "unwanted sex" is the same for men as well as for women. If we believe that the women feel this nuisance stronger, we may set d(kk,M) = 2 rather than 1. A problem for practical application in the context of allocating patients to doctors, may of course be the specification of the differences and the strengths of the preferences.
The model has several possible applications -estimate the parameters of the model from real data -gain insight by considering hypothetical situations by specification of parameters
We will here consider the latter opportunity. Although the absolute figures in a solution
should not be taken as definite at the outset, it is possible to make comparisons under different assumptions, which in some cases lead to approximately the same result. Moreover,
we can study what is most likely to affect changes in the allocation pattern, e.g. how the fraction of females assigned to female doctors changes as the fraction of female doctors increases.
Even if we say that a certain fraction of patients would like to have doctor of a certain gender, the degree of nuisance by contrary allocation varies, both among the sexes and absolutely.
Possible larger nuisance among the females than males, of having a doctor of the opposite gender contrary to preference, may be adjusted by enlarging the distance for this female group.
Generally the strength of nuisance may be adjusted by a suitable weighing of the distance structure.
We will now illustrate the gravity model in this context by numerical examples. We stress that the choice of numbers was solely to illustrate the main features of the model. However, the qualitative results obtained, were partly a surprise to the profession, and initiated some rethinking. Throughout in our illustrations we assume a population with equal number of male and female patients. As our point of departure we take a situation where 70% of the female patients would like a female doctor the most, if available, while 30% of them would like a male doctor the most. Among the male patients we assume an even distribution of 50% for male doctor and 50% for female doctor. In the gravity model we specify the "distance" equal to 0 for allocations in concordance with the preferences and "distance" equal to 1 for discordance between preference and allocation.
First we will look at how the fractions of females vary among doctors of each gender for increasing fraction of female doctors. They are given in Table 1 We see that the fraction of female patients is decreasing as the fraction of female doctors increases. This is so for doctors of both genders. With few female doctors, the fraction of female patients among them will be approximately 56%, and only decrease slowly until there is a more even number of doctors of the two genders, thereafter the fraction of female patients decreases more rapidly towards 50% of female patients among them. With few female doctors we see that the fraction of female patients among the male doctors is slightly below 50% and have a similar decreasing pattern. We also see that if the fractions of female and male doctors are equal, the fraction of female patients among the female and male doctors will be 54.6% and 45.4% respectively. We see that all curves are monotonically decreasing, and that the decrease is slow until the fraction of female doctors is slightly above 50%, thereafter the decrease is more rapid. We have performed similar computations for median/heavy weights (c=2), and for heavy weights (c=3) for the same distance structure. Results for the case of 70% females preferring a female doctor and the males are 50-50 are given in Table 2 . Table 2 . Influence of preference weights on the fraction of female patients among female and male doctors.
The corresponding graphs (not given here) for moderate weights (c=2) are similar to c=1, with the two bundles of curves further apart, but the difference is surprisingly not that much.
Heavier preference weights (c=3) gives results that do not deviate much from c=2, and less so for small fraction of female doctors, where the fraction of female patients among female doctors is just increased from 56% to 58%, and eventually starts to decrease more rapid above 50% female doctors. It may come as a surprise that the changes towards a larger fraction of female patients among female doctors are moderate as the preference strength increases. This may be interpreted as "limits to change" in a system where the felt nuisance for mismatch is the same for both gender, even if there is a strong majority of females feeling nuisance of a mismatch. However, if we change the preference structure itself, we may obtain large differences. We will return to this later.
Before turning to our next question, we note that the fractions considered above are tied together by a simple formula: Let FF and FM be the fraction of female patients on the list of female and male doctors respectively, and let a be the fraction of female doctors. The specification of a, c and d determines FF and FM, and implicitly the corresponding fraction of male patients among the female and male doctors respectively as 1-FF and 1-FM.
However, FF and FM are also tied together, since we in a population of even number of female and male patients have a·FF + (1-a)·FM = ½, so that FM = (1/2 -a · FF)/(1-a).
Next we will look at the fraction of patients not allocated according to preferences. For short, we name these patients mismatched. We may study the fraction of mismatched patients among each gender of doctors and the fraction of mismatched patients of each gender of patients as function of the fraction of female doctors. Computations using the gravity model for preference strength c=1 gave the results in Table 3 and are illustrated in Figure 2 Table 4 . Fraction of vacancies for doctors of each gender for 10% and 20% total vacancy. Table 4 shows the fraction of vacancies for doctors of each gender for 10% and 20% total vacancy respectively for the situation above, where 70% of the female patients want a female doctor, and the male patients were distributed even.
In the situation with 30% female doctors and 10% total vacancy, that we have 7.6.% vacancy among the female doctors and 11.0% vacancy among the male. With total vacancy of 20%, the numbers are respectively 15.8% and 21.8%. It may be of interest to regulate this such that the vacancies of both genders are about the same. For the case of lack of female doctors and where the males get the larger fraction of vacancies, we may change the "distance" between the categories "empty list position" and female doctor from zero to a positive number.
With vacancies, the quantities are tied together as follows: Let t be the fraction of total vacancies, and TF and TM be the fraction of empty list positions among female and male doctors respectively. Let as before a be the fraction of female doctors, and FF and FM be the fraction of female patients among female and male doctors respectively, but now taken to be among the non-vacant entries. The specification of t, a, c and d determines TF, TM, FF and FM, and implicitly the corresponding fractions of male patients among the female and male doctors as 1-FF and 1-FM respectively. TF, TM, FF and FM are, however, linked together since we in a population of equal number of men and women have that a·(1-TK) ·FF + (1-a)·(1-TM) ·FM = ½·(1-t). Given three of the quantities with capital letters, the forth is determined as well.
In the examples above we have assumed that more women (70%) than men (50%) feel some nuisance with a doctor of the opposite sex, while the felt nuisance is about equal for both genders. We have seen that this difference between the genders do not put appreciable pressure towards skew distribution of patient gender for the doctors. Only when this nuisance is felt stronger among women than men can we expect larger changes. If we again take the situation above, where 70% of the female patients will prefer a female doctor, and the male patients were distributed evenly, and where as before d(mm, F) =1, but take d(ff,M) = 1, 2, and 3 respectively, we get the results of Table 5 for the cases of 0%, 10% and 20% total vacancy and 30% female doctors (note that the fractions are with respect to the non-vacant entries) We see how the increased relative preference strength between females and males forces the fraction of females among female doctors to increase, while it is reduced among the males.
We see, with increased fraction of vacancies, that the change caused by increased felt nuisance will be somewhat more rapid with respect to the move away from male doctors, while the increase among the female ones is slower.
The fraction within each patient gender which does not get their primary wish fulfilled is also of interest and may be tabulated. However, some information can be read from the table above, when we know that at the outset 70% of the female patients preferred a female doctor and just 50% of the male patients. For instance if we look at the situation in the rightmost column of Table 5 , we have 76.7% female patients among female doctors, and 35.9% female patients among male doctors. However, in both groups we have some who have fulfilled their primary wish, and some not. We have to increase the relative preference strength considerably in order for the fractions to approach 100% among female doctors and 0% among the male ones. The latter is in general not possible, but in the case of 20% total vacancy, we may in principle absorb all females according to their primary wish.
Micro analysis: The benefit efficiency model
In the examples above we have studied the problem at the macro level, with a large and undefined number of patients and doctors, where the focus quantity is fractions. We have limited ourselves to situation with sufficient capacity to cover the demand for a doctor of some gender. In reality a limited number of doctors are available in the neighbourhood. Some of them may be fully booked, and we can imagine situations with waiting lists. We may also Jørnsten & Ubøe (2005) for the general theory and Ubøe & Lillestøl (2006) for theory in the current context.
We will here give some qualitative results coming out of this theory, see the appendix for a brief account of the main result on which the computations are based. As before we look at the four patient categories mm, mf, fm, ff. Suppose that the categories mm and ff have moderate preferences for a doctor of the same gender, while fm and mf feel some, but not particularly strong nuisance by a doctor of the opposite gender. However, all categories feel a stronger nuisance by not being on the patient list of any doctor, i.e. being on a waiting list.
For a start we assume that doctors are not penalized by not having their patient lists filled up.
We will now find it more convenient to express the preferences in terms of "utility", taking both positive and negative values. A possible representation of the described situation by utility numbers is given in Table 6 .
Group mm-p mf-p fm-p ff-p mm-w mf-w fm-w ff-w vacancy Table 6 . Utility numbers for assignments to doctor patient/waiting list and vacancy.
We will here consider situations with different number of available doctors of each gender.
Assume first that all doctors have the same list length, and that we have the same number of patients in each of the four categories. It turns out that in the case of deficit of doctors, the expected number of patients in each of the four patient categories will differ between male and female doctors, but be the same for all doctors of the same gender. However, the expected number and the distribution of patient categories on the waiting list will be the same for all doctors irrespective of gender. If we let the list lengths vary among doctors, but in a way so that the total numbers of patient entries are the same as above within each gender, it turns out that the fractions in each of the four patient categories are unchanged, while the number and distribution on the waiting list are unchanged. The relative distribution among the four patient categories on the patient list is therefore common for doctors of the same gender, so that the expected number is given by multiplication of the list length. Consider, as before, a situation with equal number of patients in each of the four patient groups, but so few that there is a deficit of patients. Now it turns out that all doctors of the same gender have the same share of vacancy on their lists, but different between the genders. Let us look at some specific examples:
Example Given a population of 16 000 persons in an area served by 7 doctors, 4 male and 3 female, all with list lengths 2000, represented by the vector (2000, 2000, 2000, 2000, 2000, 2000, 2000) .
Taking 4000 patients in each of the four patient categories, the expected distributions of the 16 000 patients on the 14 000 patient entries or the waiting lists are given in Table 7 , for each of the male and female doctors ( Table 7 . Expected distribution of patients on patient list and waiting list for doctors of each gender (Doctors: 4 male, 3 female, Patients: 16 000, Entries: 14 000).
If we introduce varying list lengths (1000, 2000, 2000, 3000, 1000, 2000, 3000) , i.e. the total number of entries for male and female doctors are as above, the number of patients for doctor 2, 3 and 6 are unchanged, while doctor 1 and 5 have cut their number of patients in half, and doctor 3 and 7 get their numbers multiplied by the factor 1.5. The waiting list numbers are the same for all seven doctors. Now suppose we have 12 000 patients served by the 7 doctors, having 14 000 entries, but with varying list lengths as above, so that we have 14.3% total vacancy. Again assuming equal number of patients in the four categories, this time 3000, the model gives the allocation in We are now ready to study what happens when the preferences are changed. First, if we change all disutilities for being on the waiting list from -2 to -3 (or even -5), there will be no change in the table, telling that the message is picked up already at -2 for the case of lots of vacancies and no loss of vacancy. If we introduce a loss for the doctor for vacancy, e.g.
replace 0 by -1, we also get the same result as above. To create a difference, we must have a difference between genders with respect to felt loss. If the female doctors feel this stronger than the male doctors, they will have less vacancies. Some of this is of course fairly obvious, but shows that the model gives meaningful results throughout. For instance, if we change the losses from -1 to -2 for the female doctors, the expected vacancies among female doctors are reduced to 7.6%, while they among the male doctors are increased to 19.3.%. By taking -5 instead, the vacancies are changed to about 0.6% for female doctors and 24.6% for male doctors. One may ponder on the kind of administrative means required for such a transfer of
welfare.
An interesting question is whether there are preference structures, where some doctors have vacancy, while there is a lack of doctors in the system as a whole. There are! One example is when the ff-group prefers to be on the waiting list of a female doctor, instead of being assigned to a male doctor.
In the discussion and examples for the micro-model, we have assumed an equal number of patients in the four patient categories. In our main macro-example of the preceding section we had 70% of the female patients favouring a doctor of the same gender, but 50% of the males. However, both models are general and accommodate any configuration. We can also extend the macro-model to include waiting lists.
In order to compare the results from the micro-model above with the macro-model, we may put heavy disutilities on waiting, so that this is ruled out. We will here consider cases where the number of entries exactly matches the number of patients, and put heavy disutility to wipe out vacancy as well. Consider therefore 14 000 patients to be assigned to 7 doctors, each with 2000 available entries totalling 14 000, and where 3 out of 7 doctors are female i.e.
42.8%. Assume first the same utilities for both gender, as we did for the macro-model (there measured by "distance"), and take the case of 70% of the female patients favouring a doctor of the same gender and 50% of the males. The distribution of the four categories (mm, mf, fm, ff) is (3500, 3500, 2100, 4900) and we take utilities -2 on waiting list and -2 for vacancy. We obtain the results given in Table 9 . By changing the disutility for waiting and vacancy from -2 to -4 there will be none waiting and no vacancies. This gives the fraction of female doctors assigned to male doctors 46.2% and to female doctors 55.1%, which is close to the numbers obtained for the macro-model.
On the other hand, if we take the situation of stronger affection among the females mentioned above, we may specify the utilities as in Table 10 .
Group mm-p mf-p fm-p ff-p mm-w mf-w fm-w ff-w vacancy Table 11 . Computations for comparison with the macro model.
At this point we are reminded that we can obtain major differences for the macro-model as well, it all depends on differences in the preference structure of the gender, and not so much on the number in each category and the absolute preference strength. In order to illustrate the sensitivity to change we take a macro example (with no vacancies and no waiting list), with equal number of patients in the four patient categories and utility structure as in Table 12 . Table 12 . Utility structure to explore the sensitivity to change in female preferences for female doctor.
In Figure 4 we plot, as function of x of Table 12 , the fraction of female patients among female doctors (top three curves) and among male doctors (bottom three curves) for three fractions of female doctors 20%, 30% and 40% (in this order from top). Equal preferences correspond to x=1, and the most relevant part of the curves is to the right of this. We see that the disparity of utility affects the female doctors more than the male doctors in this region, and that there is not much change beyond x=3. Further research: The inverse problem
The theory and examples above have given valuable insights to qualitative issues, e.g. what affects the level and changes of allocations. As such it may be of value to decision makers at the general policy level. For applications in the more local setting, we need to reveal the preferences of patients in some sense, and be able to translate this into utilities in the sense used above. This may be done by a suitably designed questionnaire, and is a research challenge in itself. Another approach would be to use observed allocations, and from this infer the utility structure. This may be called the inverse problem, and is also a research challenge in itself, mainly because a given allocation does not uniquely determine the utilities. In technical terms, we have an identification problem. There are several solutions to this, now under investigation.
The Norwegian system by which every inhabitant has the opportunity of having a designated general practitioner was introduced in the year 2001 and is monitored by the authorities. was about 55%, 44% among female doctors and 59% among males in the country at large, while the corresponding numbers in the capital Oslo were 76%, 61% and 85%. Such numbers are available also regionally and locally. Movements over time are noticeable, and may indicate that the preference for a doctor of the same gender have increased since the system was introduced. However, part of this may be due to a tendency for most newborn to be assigned to the doctor of their mother. This raises an additional challenge, both for revealing real preferences and interpreting allocation data. It is possible that the solution to this is to combine the two approaches mentioned above.
